We use the Einstein energy-momentum complex to calculate the energy distribution of static plane-symmetric solutions of the EinsteinMaxwell equations in 3+1 dimensions with asymptotic anti-de Sitter behavior. These are expressed in terms of the ADM mass density, charge density and cosmological constant.
Introduction
In recent years, researchers have extended the concept of a black hole to include a variety of fields and geometries. Various configurations considered include two-dimensional black holes [1, 2, 3, 4] , three-dimensional black holes [5] , Kaluza-Klein black holes [6] , black strings and black p-branes [7] . These models are important in comprehending the relationship between space-time geometry and the flow of information. Exploring these possibilities helps us better understand the causal structure of general relativity, as well as its generalizations. Ultimately this could offer insight into the likely nature of a fully quantized theory of gravitation. Moreover it could point to avenues of unification-through string theory, M-theory or another mechanism-of the fundamental natural interactions.
Given the relationship between information content and entropy, it is therefore interesting to characterize such disparate models through thermodynamic measures. Brill, Louko and Peldán [8] have considered the thermodynamics of the Reissner-Nordström-anti-de Sitter solution [9] in which the two-sphere is replaced by a two-space of constant negative or vanishing curvature. They derived a Hawking temperature for these possibilities, leading to an expression analogous to the first law of black hole thermodynamics. For each horizon topology, they found that the entropy is one-fourth the horizon area. This extended the Bekenstein-Hawking area law [10, 11] to toroidal and other geometries.
Along these lines, one model of particular interest, developed by Rong-Gen Cai and Yuan-Zhong Zhang [12] , involves static, planesymmetric solutions of the Einstein-Maxwell equations with a negative cosmological constant. Cai and Zhang found a causal structure similar to the Reissner-Nordström solution, but with a Hawking temperature that varied with M 1 3 , where M is the ADM mass density. They mapped out inner and outer event horizons for these solutions, identifying how their positions depend on the objects' mass density, charge density, and cosmological constant. Wu, da Silva, Santos and Wang have further investigated the global structure of such flat topologies [13] .
In examining static solutions, such as generalizations of black holes, one useful quantity to consider is the energy distribution. Defining this physical measure has been a subject of controversy since the founda-tion of general relativity. Einstein himself proposed the first energymomentum complex in an attempt to define the local distribution of energy and momentum. His definition was followed by many alternative prescriptions, including formulations by Tolman [14] , Papapetrou [15] , Mφller [16] , Landau and Lifshitz [17] , Weinberg [18] and others. Most of these formulations are coordinate-dependent, and some have additional restrictions. The sheer variety of such energy-momentum complexes once led many researchers to suppose that they weren't well-defined measures.
Recently, however, Virbhadra has re-examined the subject of energymomentum complexes. He found that for any metric of the KerrSchild class (including many well-known solutions), several different definitions of the energy-momentum complex yield precisely the same results [19] . This suggests a unity and importance to these various definitions, despite their idiosyncratic dependence on coordinate choices. Virbhadra concluded that the Einstein prescription offered the greatest consistency amongst these complexes. In a detailed study of the question, Xulu has confirmed this suggestion [20] . Vagenas has similarly successfully applied the Einstein energy-momentum complex and other measures to various black hole configurations [21] .
Given interest in how alternative black geometries differ from their spherically symmetric counterparts, we therefore propose using the localized energy distribution as a measure. By applying the Einstein energy-momentum complex to the Cai-Zhang black plane solution, we hope to ascertain differences in the localized energy profile between that and the standard Reissner-Nordström-anti-de Sitter solution 2 Plane-symmetric anti-de Sitter solutions
We start with the black plane metric, with asymptotically anti-de Sitter behavior. Following Cai and Zhang's notation we can express this as:
where:
with:
and q = 2πQ (4) Here, M is the ADM mass, Q is the electric charge and Λ is a negative cosmological constant. Because of the reflection symmetry with respect to the plane z = 0, we have taken r = |z|.
The Einstein energy-momentum complex can be found by calculating:
This yields:
with the other components of H i kl = 0. The energy-momentum components are found by:
Through Gauss's theorem we can rewrite this as a surface integral:
where µ α is the outward unit vector normal to the surface element dS. If we choose the surface element to be a planar shell with fixed r (and hence two fixed values of z), then dS = dxdy and µ α is the unit radial vector.
Therefore P 0 is:
Finally, substituting expressions (3) and (4) into (6), then evaluating (10), the energy component for the black plane solution in the Einstein energy-momentum complex is:
Behavior of the Localized Energy Distribution
It is instructive to compare this distribution to that of the standard Reissner-Nordström-anti-de Sitter solution, with spherical symmetry. This metric can be written in the form:
Converting to Kerr-Schild Cartesian form, we define a new time variable T such that:
The metric now takes the form:
Then, applying the procedure described in eqns (5) and (7-9), we find the energy component for the Reissner-Nordström-anti-de Sitter solution to be:
Let's now assess the differences in the energy distribution functions for the planar and spherically symmetric geometries. Given current cosmological constraints, we assume that Λ is small. Thus, the second and third terms in expression (11) play a lesser role than in (16), leading to a flatter energy distribution for black planes than for their counterpart black holes. While the former is dominated by the ADM mass M the latter has a stronger dependence on the charge term, especially for small enough r.
The black plane solution can be characterized by means of its event horizons. Cai and Zhang found that the solution, in general, possesses two horizons. However, they defined an extremal case with only one horizon that occurs if the following condition is satisfied:
For this solution the localized energy distribution (11) takes the form:
The horizon for this solution is located at:
Thus the value of the localized energy distribution at the horizon is:
For small Λ this is approximately 
Conclusion
We have investigated the localized energy distribution of the black plane model by use of the Einstein energy-momentum complex. We found that this quantity is well-defined and well-behaved. Comparing this case to the Reissner-Nordström-anti-de Sitter solution, we found a much more gradual drop-off in energy density with distance for the former. This distinction is more notable far from the event horizon. Within the event horizon the two energy distributions are comparable in scale.
To extend this study, we are examining the localized energy distribution for a variation of the Reissner-Nordström-anti-de Sitter solution with negatively curved surfaces. We are also planning to explore the properties of Kaluza-Klein extensions of these models.
